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Introduction to the problem

▶ Different approaches to COVID-19 mitigation
throughout the world

▶ To compare mitigation-strategies, the impact of
differences in data-collection must be understood.

▶ The role of testing: Confirmation of symptoms, required
for various activities or entirely voluntary?

▶ How do we compare case-counts between periods
and places where testing activity was different?

Let’s look at some data...
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Our approach

▶ Overall question: For each reported case of COVID-19,
how many unidentified cases?

▶ We aim to determine a correction factor for observed
data.

▶ Approach: Extend the classic SIR-model to include
testing.
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The conceptual idea

S I Rn

Rp

βSI

Positive test
τ

ν

1
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The model

S E1 E2 P A

Q

I

Rn Rp

β(P +A)

γ γ (1− ρ)γ

ργ

τ τ τ

ν

ν

ν

1

S
Susceptible

E1

Exposed
PCR−

E2

Exposed
PCR+

P
Presymp.

I or A
Symptomatic or Asymptomatic

R

Recovered

↓
Exposure PCR test positive

Infectious

Symptoms

1
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The model

S E1 E2 P A

Q

I

Rn Rp

β(P +A)

γ γ (1− ρ)γ

ργ

τ τ τ

ν

ν

ν

1

Ṡ = −βS(P + A)

Ė1 = βS(P + A)− γE1

Ė2 = γE1 − (γ + τ)E2

Ṗ = γE2 − (γ + τ)P

İ = γρP − νI

Ȧ = γ(1− ρ)P − (ν + τ)A

Q̇ = τ(E2 + P + A)− νQ

Ṙp = νQ + νI

Ṙn = νA

τ : Testing-rate. β: Infectivity.
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General model dynamics

Other parameters: γ = ν = 1
3
and ρ = 1

2
.
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General model dynamics

Other parameters: γ = ν = 1
3
and ρ = 1

2
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Model analysis and correction ratio

We describe the correction factor as ratio between all cases
and cases identified:

Rn(t) + Rp(t)

Rp(t)
(1)

Inspired by previous work on epidemic final size1 (and after
a lot of analysis and calculation), we find that as t → ∞

Rp

Rn + Rp
= 1−

(
1− τ

γ + τ

)(
1− γρ+ τ

γ + τ

)(
ν

ν + τ

)
(2)

Note that this is independent of β.

1
(Andreasen, 2018, Bull. Math. Biol.)
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Calculating the correction-factor

Rp

Rn + Rp
= 1−

(
1− τ

γ + τ

)(
1− γρ+ τ

γ + τ

)(
ν

ν + τ

)

With parameters: γ = ν = 1
3 and ρ = 1

2 .
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Calculating the correction-factor

Rp

Rn + Rp
= 1−

1− τ
1

3
+ τ


1−

1

3
· 1
2
+ τ

1

3
+ τ


 1

3
1

3
+ τ



With parameters: γ = ν = 1
3 and ρ = 1

2 .
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Calculating the correction-factor

With parameters: γ = ν = 1
3 and ρ = 1

2 .
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The Danish data
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Relating our results to data
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Calculation of assertion ratio

Rp

Rn + Rp
= 1−

(
1− τ

γ + τ

)(
1− γρ+ τ

γ + τ

)(
ν

ν + τ

)
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Simplified method, Flow-considerations

Rp

Rn + Rp
= 1−

(
1− τ

γ + τ

)(
1− γρ+ τ

γ + τ

)(
ν

ν + τ

)
can be rewritten as:

1− Rp

Rn + Rp
=

Rn

Rn + Rp
=

(
γ

γ + τ

)(
(1− ρ)γ

γ + τ

)(
ν

ν + τ

)
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Simplified method, Flow-considerations

S E1 E2 P A

Q

I

Rn Rp

β(P +A)

γ γ (1− ρ)γ

ργ

τ τ τ

ν

ν

ν

1

(
γ

γ

) (
γ

γ + τ

) (
(1− ρ)γ

γ + τ

) (
ν

ν + τ

)
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Simplified method, Flow-considerations

S E1 E2 P A

Q
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Rn Rp

β(P +A)
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ργ

τ τ τ
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Extension to other models, example 1

S I Rn

Rp

βSI

Positive test
τ

ν

1

Flow-considerations:

Rn

Rn + Rp
=

ν

ν + τ

Correction factor:
ν + τ

τ
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Simplified method, Matrix-form

S E1 E2 P A

Q

I

Rn Rp

β(P +A)

γ γ (1− ρ)γ

ργ

τ τ τ

ν

ν

ν

1

For SIR-type models2, the inverse of a matrix V describing
flows in the “infected sub-system” is typically computed to
determine the reproduction number R0.

With sub-system x = (E1,E2,P, I ,A) and matrix V , we
consider “inputs” α = (1, 0, 0, 0, 0) and “outputs”
ω = (0, 0, 0, 0, ν), and find that:

Rn

Rn + Rp
= ωV−1αT

1
See (van den Drische and Watmough, 2002) for definition and derivation.
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Extension to other models, example 2

SH

SL

EH

EL

IH

IL

RH

RL

Rp

γ ν

γ ν

β(IL + IH)

β(IL + IH)

τL

τH

τL

τH

1

x = (EH ,EL, IH , IL), V =


γ + τH 0 0 0

0 γ + τL 0 0
γ 0 ν + τH 0
0 γ 0 ν + τL


α =

(
SH

SH+SL
, SL
SH+SL

, 0, 0
)
and ω = (0, 0, ν, ν)

Hence: ωV−1αT = νγ
SH+SL

(
SH

(ν+τH)(γ+τH)
+ SL

(ν+τL)(γ+τL)

)
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Extension to other models, example 2
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γ ν
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τL

τH

τL

τH

1

x = (EH ,EL, IH , IL), V =
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α =
(

SH
SH+SL
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, 0, 0
)
and ω = (0, 0, ν, ν)

Hence: ωV−1αT = νγ
SH+SL

(
SH

(ν+τH)(γ+τH)
+ SL

(ν+τL)(γ+τL)
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Discussion

▶ We determine a relation between observed COVID-19
cases and total new cases, as a function of testing-rate.

▶ This relation may help us compare incidence between
countries.

▶ Our initial analysis was model-specific and based on
calculations of final-size of variables.

▶ Our new method follows from well-known results from
the litterature, and requires only observing the model
diagram or inverting a matrix

, but also extends to a
wider family of SIR-type models.

▶ My lesson from this: When working on modelling
problems, look for simpler answers to the problems

,
before throwing yourself at the analysis and simulation!
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Thank you for your attention.

Feel free to email me
with questions or comments

Website:
rasmuspedersen.com
Email: rakrpe@ruc.dk

https://rasmuspedersen.com
mailto:rakrpe@ruc.dk
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